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Abstract 

Link between the Painleve property and the first integrals of non- 
linear ordinary differential equations in polynomial form is discussed. 
The form of the first integrals of the nonlinear differential equations 
is shown to determine by the values of the Fuchs indices. Taking this 
idea into consideration we present the algorithm to look for the first 
integrals of the nonlinear differential equations in the polynomial form. 
The first integrals of five nonlinear ordinary differential equations are 
found. The general solution of one of the fourth ordinary differential 
equations is given. 
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1 Introduction 



Finding of the first integrals of the nonlinear ordinary differential equations 
is one of the most important problem in the theory of nonlinear differen- 
tial equations. The first integrals allow us to obtain the general solution of 
nonlinear differential equation in the form of quadratures. 

The Painleve property is known to be the necessary condition to integrate 
nonlinear ordinary differential equation [1-3]. There is the link between 
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the Painleve property and integrability of nonlinear differential equation. 
Using the singular manifold method many interesting properties were found 
[4-8] . We note the Lax pairs and the Backlund transformations for nonlinear 
partial differential equation [6, 7] and the birational transformations [9, 10] 
that can be found for nonlinear ordinary differential equations if the nonlinear 
differential equations have the Painleve property. 

There are two aims of this paper. The first aim is to present the link 
between the Fuchs indices in the expansion of solution in the Laurent series 
and the first integrals of nonlinear ordinary differential equations. The second 
aim is taking the Fuchs indices into account to present the algorithm for 
finding of the first integrals of nonlinear ordinary differential equations that 
have the Painleve property. 

Our approach is illustrated to find the first integrals of the following 
nonlinear differential equations 



- l^yVxx - 5yl + W + f3 {Vxx - 3?/') + 6y + iJ = (1.1) 



Vxxxx - Wy^y^^ - lOyyl + 6y^ + (3 {y^^ - 2y^) + 6y + n = (1.2) 



yxxxx + ^yxyxx - 5y '^y^x - 5yyl + y^ -S = (1.3) 



A UxUxXX , 21 yx Pxx r) UxX ^ ^ U XX 9 T/j; 1 n ^ Vx , 

Vxxxx - 4 \ — ^ 3 5 — — -- + 10 — —+ 

y y y^ ^y^ r 



(1.4) 



+uy^ -2 — + fi = 

y6 



y 2|/ "^^ ?/2 



^^^^^ \- 2 — 5 ^y Vxx - - yvx + - y 



;i.5) 



-/?y3 + /il/ = 



Equation p.lj) can be obtained from the generalized Korteveg - de Vries 
of the fifth order if we look for solution of this equation in the form of the 
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travelling wave. Equation was found as the special case at the descrip- 
tion of the nonlinear wave propagation on the water [11]. This equation can 
be found at /3 = as equation for asymptotic solution of the fourth order 
analogy for the first Painleve equation [12-15]. Equation ()1.1|1 was studied 
at /3 = in several works [16-18]. 

Equations ()1.2p and ()1.3p can be found from the modified Korteveg - de 
Vries and the Kaup - Kupershmidt equations of the fifth order if we look for 
solution in the form of the travelling wave. Equation ()1.3jl was obtained by 
A P Fordy and J Gibbons in [19]. All these equations are used as equations 
for the description of the Henon - Heiles model [13,20,21]. Equations ()1.4|1 
and (jl.Sp are found as special cases of equations that were obtained recently 
as the higher order analogies of the Painleve equations [22-25]. All above 
mentioned equations have the Painleve property. 

The outline of this paper is as follows. In section 2 we present the link 
between the Fuchs indices and the first integrals of nonlinear differential 
equations in the polynomial form. Section 3 is devoted to the discussion of 
the algorithm to look for the first integrals of nonlinear ordinary differential 
equations. In sections 4, 5, 6 and 7 we give examples of finding of the first 
integrals of the above mentioned nonlinear ordinary differential equations. 
In section 8 we demonstrate the application of the first integrals to look for 
the general solution of equation (jl.lj) . 

2 Link between the Fuchs indices and the 
first integrals 

Assume we have the nonlinear ordinary differential equation in the polyno- 
mial form that passes the Painleve test and assume we are going to find the 
first integrals to look for the general solution of this equation using quadra- 
tures. Taking results of the Painleve analysis into account we have the Fuchs 
indices and necessary amount of arbitrary constants in the expansion of the 
general solution in the Laurent series. Our aim is using values of the Fuchs 
indices to find the general form of the first integrals of nonlinear ordinary 
differential equations. To understand the link between values of the Fuchs 
indices and the first integrals of nonlinear ordinary differential equations first 
of all let us consider two simple examples. 
Example 1. Consider the equation 

EM=yzz + Qy''-ay- 6 = (2.1) 
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Equation ()2.H) has the first integral in the form 



h[y] =yl + Ay^-ay^-2hy-Cr = ^ (2.2) 

The general solution of equation ^2.1\ is expressed via the Weierstrass 
function. The solution of equation 1)2.11) has one branch in the expansion in 
the Laurent series and the Fuchs indices (ji, J2) = (—1) 6). 

Equation possesses the Painleve property and there is the local presenta- 
tion of the general solution in the form 



y(x) = — - H \ + flea; + ... (2.3) 

' 12 V240 loy ^ ' 

where ag is arbitrary constant. 

Assuming a = and 6 = we obtain from equation ()2.1|) the equation 
with leading members that is often called as the reduced equation 

EM = yzz + Qy^ = Q (2.4) 

The expansion of solution for equation ()2.4|1 in the Laurent series takes 
the form 



y{x) = -\ + af^x^ + ... (2.5) 



Equation ()2.4j) has the first integral 

h[y]=yl + Ay^-Ci=Q (2.6) 
Substituting ()2.5j) into the first integral ()2.6)1 we have 



Ii[y] = 28 ag + 4 + 4 x^^ - Ci = (2.7) 

From equation ()2.7|) follows that if we let x tends to then Ci goes 28 ag. 
Therefore arbitrary constant Ci in the first integral ()2.6|) is determined by 
the arbitrary constant ag in the expansion of the general solution of equation 
()2.4j] in the Laurent series. However from expansion ()2.5)1 we have ag ~ yxxxx- 
We can believe that the arbitrary constant ag corresponds to the pole of the 
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sixth order because if we use solution y = —l/x"^ we obtain the sixth degree. 
Taking equation ()2.7|) into account one can note that Ci also corresponds to 
the sixth order and the greatest Fuchs index in the expansion of solution in 
the Laurent series determines the pole order of members in the first integral 

Example 2. Consider the equation 

^2M = 2/...-6y2^, = (2.8) 

Equation ()2.8|) possesses the Painleve property and the general solution 
is expressed via the Jacobi elliptic function. Solution of this equation has 
the pole of the first order, two branches and the Fuchs indices (ji, j2, js) = 
( — 1, 3, 4). Equation ()2.8j) has the first integral 

/2M = y..-2y3-Ci-0 (2.9) 
Equation ()2.9p also has the first integral 

h\y\ =yl-y^-2C^y-C2 = Q (2.10) 



The general solution of equation ()2.8|1 can be written in the form of the 
Laurent series 

yix) = ±- + a^x^ + a^x^ + ... (2.11) 

X 

where 03 and 04 are arbitrary constants. 

It should be noted that one can say about the pole order of the arbitrary 
constants 03 and again because we have 03 ~ yxx and 04 ~ y^xx from 
expansion 1)2.111) . 

Substituting ()2.11|) into the first integral ()2.8p we obtain 

l2[y] = —4 03 — 6 x^ — 12 03 a^x^ — 6 a^^ x^ — 2 03^ x^ — 6 a^^a^ x"^ — 
-6 03 tti' X® - 2 04^ - Ci = 

(2.12) 

Letting x — > in ()2.12|) we obtain Ci = —4 03. We have again from 
equation ()2.12j) that the arbitrary constant Ci in the first integral ()2.9)1 is de- 
termined by the arbitrary constant 03 that corresponds to the Fuchs indices. 
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However the arbitrary constant 03 corresponds to the pole of the third order 
because ~ y^x- We have that the arbitrary constant Ci also corresponds 
to the pole of the third order and we can observe that members of the left 
hand side in the first integral ()2.9|1 has the pole of the third order. 

Substituting ()2.11|1 into the first integral ()2.1()|1 at Ci = —4 03 we have 

h[y] = —C2 — 10 04 + 6 a3^x^ + 8 0304 + 3 a^^x"^ — 4a3^ x^ — 

-Uas'^ai x^ - 12as x' - (03^ + 4 04^) - 4 a^a^x^- (2.13) 

-6 03^04^0;^° - 4 0304^ - 04^x^2 = 

Letting x — in ()2.13|1 we obtain C2 = —10 04. We can see that the 
arbitrary constant C2 in the first integral ()2.1()j) is determined by the arbitrary 
constant 04. The pole order corresponds to the arbitrary constant 04 equal 
to four because 04 ~ yxxx- We observe again that the members of the left 
hand side in the first integral ()2.10p has the fourth order and corresponds to 
the Fuchs index. 

These examples allow us to formulate the following theorem. 

Theorem 2.1. Let the nonlinear differential equation in a •polynomial form 
posses the Painleve property then the pole order of members in the first inte- 
grals of the reduced equation is determined by the Fuchs indices. 

Proof. Consider the nonlinear ordinary differential equation in the polyno- 
mial form that possesses the Painleve property and consequently the reduced 
equation also has the Painleve property. 

We also consider the autonomous ordinary differential equations in this 
paper that posses the Painleve property and have the first integrals in the 
polynomial form. We know many nonlinear ordinary differential equations 
(for example the Painleve equations and the higher order Painleve equations) 
that have not got any first integrals in a polynomial form. 

Solution of equation studied can be presented in the Lorent series. Some 
coefficients {n — 1, where n is the order of equation) of the expansion in 
the Laurent series are arbitrary constants. Substituting y{x) = Bq/x^ into 
the leading members of equation studied we have branches of solutions, that 
correspond to different values {Bo,p). As consequence of finding {Bo,p, ) the 
equation with leading members is satisfied by solution y{x) = Bq/x^. 

If equation has the first integral in the polynomial form then the reduced 
equation has the first integral in the polynomial form as well. Substituting 
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y{x) = Bq/x^ into the first integral for the reduced equation we have that is 
solution of the first integral when arbitrary constant equals zero. 

Substituting the Laurent series for the general solution of equation with 
the leading members into the corresponding first integral we obtain the ar- 
bitrary constant in the first integral that is determined by the arbitrary con- 
stants from the Laurent series. Therefore the arbitrary constant in the first 
integral of the nonlinear ordinary differential equation with leading members 
is determined by the arbitrary constants in the expansion of solution in the 
Laurent series. 

However the arbitrary constants in the expansion of the solution in the 
Laurent series correspond to the Fuchs indices at investigation of equation 
on the Painleve property. Taking the pole orders of arbitrary constants into 
consideration (that are determined by the Fuchs indices) we determine the 
pole order of arbitrary constant in the first integral and consequently the 
pole order of members in the first integral. □ 

This theorem allows us to determine the form of the first integrals of the 
reduced equation (equation with the leading members) and to find the first 
integrals for the more general equation in the polynomial form. 

3 Algorithm to look for the first integrals 
of nonlinear diff'erential equations 

Let us use the results of the theorem 2.1 to look for the first integrals of 
nonlinear ordinary differential equations. Without loss of the generality we 
consider the fourth order ordinary differential equations. Denote y — yo, 
Vx^yi, Vxx = y2, yxxx = 1/3, Vxxxx = to simplify calculations. 

Let us assume there is the nonlinear differential equation of the fourth 
order in the form 

y4^ E{yo,yi,y2,y3) (3.1) 
Let us suppose there is the first integrals of this equation 

P{yo:yuy2:y3) = K, (3.2) 

where Ki and further K2, and ^4 are arbitrary constants. 
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Let us obtain the equation for finding of the first integrals of nonhnear 
ordinary differential equations. By definition of the first integral of equation 
()3.1|) we have 



where Q{yo, I/2, ?/3, 1/4) is arbitrary expression depending on variable yo and 
its derivatives. 

Taking into account p.ip we get from equation ()3.3p 



The last equation is the basic equation that can be used to look for the 
first integrals of the nonlinear differential equation. Substituting E{yQ, yi, y2, y^) 
from equation p.ip into equation ()3.4|) we have equation for finding of the 
first integrals of equation ()3.H1 . To look for the first integral of equation 
1)3.11) we have to have additional information about the form of P. This in- 
formation can be extracted from the Fuchs indices of equation (I3.1|l . Taking 
the Fuchs indices into account we can determine the pole order of the first 
integral and we can write the polynomial with unknown coefficients. Substi- 
tuting the polynomial with unknown coefficients into equation fl3.4|) we can 
find unknown coefficients solving the algebraic linear equations and obtain 
the first integral. 

Our approach has the following steps: 1) The Painleve test of origin 
equation on the Painleve property and finding the Fuchs indices; 2) Determi- 
nation of the reduced equation from the origin equation. This equation can 
be found from the origin equation if we substitute y^ = Bq/x^ into the origin 
equation; 3) Writing the polynomial with unknown coefficients taking into 
account values of the Fuchs indices; 4) Determination of unknown coefficients 
of polynomial and writing the first integral of the reduced equation; 5) Writ- 
ing additional polynomials with unknown coefficients that correspond to the 
origin equation; 6) Determination of unknown coefficients of the additional 
polynomials and finding the first integral of the origin equation. 




(3.3) 




(3.4) 
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4 The first integrals of equation ( II . II ) 



Let us apply our approach to look for the first integrals of the equation 

Vxxxx - Wy yxx - 5yl + lOy^ + (3 {y^^ - 3y'^) + Sy + i2 = (4.1) 

This equation possesses the Painleve property. The general solution has 
two branches with {Bq,p) = (2, 2), {Bo,p) = (6, 2) and the following Fuchs in- 
dices (mi, 1712, ^3, rn4) = {—l, 2, 5, 8) and (mi, m2, m^, m4) = (— 3, —1, 8, 10) 

The reduced equation can be found from equation ()4.1|) at /5 = 0, 5 = 
0, /i = and takes the form 

yxxxx - Wy yxx - ^yl + lOy^ = (4.2) 

Let us find the first integrals of equation ()4.2|1 . The greatest Fuchs indices 
are equal to 8 and 10. One can expect that the pole order of members for the 
first integral of equation ()4.2|) is equal to 8 and the pole order of members 
for another first integral is equal to 10. Let us write two polynomial with 
unknown coefficients that correspond to the poles order 8 and and 10. 

We denote the polynomial Pp'* as polynomial with the k-th pole order 
of members and the j-th pole order for solution of the nonlinear ordinary 
differential equations. 

The first polynomial to look for the first integral of equation ()4.2|) has the 
form 

P^^^ = ys yi + +Aiyl + + ^^vho + Myt (4-3) 

where Aq, are unknown coefficients that should be found. One can note 

that members in the polynomial ()4.3j) has the eighth order. 

The second polynomial to search the first integral of equation ()4.2j) takes 
the form 

= A^yl + ^1^3^12/0 + A^vlyo + ^37/2?/? + A^y^yl + A^ylyl + A^^yl (4.4) 

Substituting polynomial ()4.3p into equation ()3.4|) and solving algebraic 
equations for the unknown coefficients Aq, ...A^ we have the first integral for 
equation ()4.2j) in the form 

1 5 

h[y] = yxyxxx - - yxx"^ - 5 yyj + ^y"^ - Ci = (4.5) 
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The expansion of the general solution of equation ()4.2p in the Laurent 
series for the first branch takes the form 

y(x) = ^ + ^2 - i a2^a;^ + 05 - ^ a2^x^ + ^ 02 05 + x*" + ... (4.6) 
x'^ 2 2 4 

Substituting solution ()4.(j|l into the first integral ()4.5p and letting x — 

we obtain 

I^[y^] = -567 at - 6A8 as - Ci = (4.7) 

Equality ()4.7j) confirms our choose of the polynomial ()4.H|1 and the theo- 
rem 2.1. 

Later we need the following polynomials 

P^'^ = Ao, = Ao yo, Pf = Aoyu = A 1/2 + A, yl 

(4.8) 

^ = 1/3 + ^1 Z/lZ/O, Pf ^ = Ao 1/4 + Ai ?/2l/0 + ^2 + A3 yjj 

Adding to the first integral ()4.5j) three polynomials with unknown coefii- 

f2) f2) f2) 

cients in the form 13 PI +5 P^ + /i P2 we obtain the following first integral 
of equation ()4.1|1 

1 5 1 1 

VxVxxx - - Vxx'^ - 5 yyx^ + 2 2 ^ ^^""^ ~ '^^^^ + i^^v"^ + l^V = Ki (4.9) 

Substituting polynomial ()4.4|) into equation (??) and finding Aq, ...Ag we 
obtain another first integral for the equation ()4.2|) in the form 

Uxxxx 12 yUxUxxx 4 yyxx ~l~ 2 y^j^; -|- 20 ?/ ?/xx~l~ 

(4.10) 

+30 yV- 24 1/5-^2 = 

Adding to ()4.10|) /5 Pg + 5 P5 + yU P4 and substituting them into equation 
(??) again we have the first integral in the form 

Vxxxx^ - 12 yyxVxxx - 4 yyxx^ + 2 yj^y^x + 20 y-^y^^ + 30 y^y^^.^ - 24 y^+ 

+ (3 {y^^-?>y^y + 6 {2yyxx - Ay^ - yj) + 2 fi {yxx-Sy^)=K2 (4.11) 

The first integrals ()4.9p and ()4.1ip can be used to look for the general 
solution of equation 1)4.11) . 
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5 The first integrals of equation ( 11.21 ) 



Let us find the first integrals of the equation 

Vxxxx - lOy 'y.... - lOy yl + 6?/^ + /? {y,, - 2y^) +6y + fi = (5.1) 

This equation passes the Painleve test. Solution of (j^.lj) has the pole of 
the first order and four branches with {Bq, p) = (1, 1), {Bq, p) = ( — 1, 1), 
(-Bo, p) = (2, 1) and {Bq, p) = (—2, 1). These branches have two collections 
of the Fuchs indices: (ji, ja js, j4) = (-l, 2, 3, 6) and (ji, ja js, j4) = (-3 - 
1, 6, 8). The greatest Fuchs indices are equals to six and eight. Therefore 
we can expect that members of the first integrals have poles of the sixth and 
eighth order. 

The reduced equation can be found from equation ()5.1|1 at P = 0, S = 
0, yU = and takes the form 

yxxxx - Wy ^y^^ - lOy yl + 6y^ = (5.2) 

In fact one of the first integral of equation ()5.2j) can be found if we take 
the pole of the sixth order into account and multiply equation ()5.2p on y^ 
but we are going to use our approach and to construct the polynomial with 
unknown coefficients that has members with pole of the sixth order. This 
polynomial can be written in the form 

lit 'J 'J Q 

= oo yiVs + ai yzyo + 02 1/2 + «3 2/2 ywo + 04 2/22/005 2/1 + 

(5.3) 

+^6 vlvl + a? yivt + ^8 yl 

where ao, ag are unknown coefficients that should be found. 

Substituting ()5.3p into equation ()3.4p and solving the system of the hn- 
ear algebraic equations for coefficients ao, ...,03 we have the first integral of 
equation ()5.2j] in the form 

h [y] = ym -\yl-^ v^vl + 2/0 - Ci = o (5.4) 

The expansion of the solution of equation ()5.2j) in the Laurent series of 
the first branch takes the form 

y{x) = - + 02 X + 03 + ^ 02^ + ^ 0203 + ae x^ + ... (5.5) 
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Substituting the expansion ()5.5|) into the first integral ()5.4|) and letting 



a; ^ we have the equality 

h[yi] = 210a2^ + 28a32-84a6-Ci = (5.6) 

This equality again gives the confirmation of the theorem 2.1. 
Later we are also going to use the following polynomials 

Pi^ = aovo, P^^^ = aoVi + aiyl, P^^^ = aoy2 + diyiVo + a2 vl, (5-7) 

Pi^ = aoZ/3 + ail/2Z/o + «2l/i + a^yivl + «4l/o (5-8) 

pP = a-oVi + amvo + ^21/21/1 + a^vfyo + aiViVo + a^Vo (5-9) 

pP = aoVA: + aiy-m + a2l/2l/i + a^lvo + a^yiyl + a^yl (5.10) 



^7 = «0 ^3^2 + Oi ymVo + «2 ylVo + fla Z/2I/? + 04 y2Z/ll/o + «5 ^2^/0 + 

(5.11) 

+^6 vIvq + a? vlvl + as 2/1I/0 + «9 l/o 

Taking parameters /5, 5 and into account and adding to ()5.4p the poly- 
nomials (3 P'^^ + 5 P2^ + /X P^^"^^ we have the first integral of equation 1)5.11) in 
the form 

VxVxxx - ^ Vxx^ - 5 y'^yx^ + + ^ (l/x^ - y^) + ]^5y'^ + ^ly = Ki (5.12) 

To find another first integral we use the polynomial with members of the 
eighth order pole 

^8 = ao 1/3 + fli I/3I/22/0 + 03 Z/s 1/1 + 04 1/3I/1I/0 + «5 2/22/1 + «6 2/22/0+ 

+07 2/22/i2/o + as 2/22/12/0 + ag 2/22/0 + "lo 2/^ + «ii 2/i2/o+ (5- 13) 

+ai2 2/i2/o + oi3 2/12/0 + oi4 2/0 
12 



Substituting polynomial ()5.13|) into equation ()3.4|) and taking equation 
()5.2p into account we have another first integral of equation ()5.2|) 



(5.14) 

Using ()5.14j) and adding (3 P^^ + 5 P'^^ + yU Pg^"* we have the first integral 
of equation (jS.lll in the form 

- I'^y'^yxyxxx -'^y'^yxx^ + '^yyx^yxx + Uy^y^^- 

-y,' + 30 - 9 2/« + /5 (y,.,. - 2y3)' + (5.15) 
+5 (2 yy,, - ^2 _ 3 ^4^) ^ 2 (y,, - 2y3) = 

Equations ()4.1|) and ()5.ip can be written as the Hamiltonian systems 
and the first integrals found enough to find the general solutions of these 
equations. 



6 The first integrals of equation ( 11.31 ) 

Let us find the first integrals of the equation 



yxxxx + 5 y^y^x - 5y y^^ - 5yy^ + y - S = (6.1) 

This equation passes the Painleve test. There are four branches of solu- 
tions with (Bo, p) = (1, 1), (So, P) = (-3, 1), (So, p) = (-2, 1), (So, p) = 
(4, 1) and three collections of the Fuchs indices that are (ji, j2 js, Ja) = 
(-1, 2, 3, 6), (ji, j2 J3, h) = (-1, 2, 6, 7) and (ji, J2J3, Ja) = (-7, -1, 6, 12). 
The first and third branches of solutions have the same Fuchs indices. 

Equation with leading members takes the form 



yxxxx - 5y "^y^^ + hy^y^^ -5yyl + y^ = (6.2) 

There are the Fuchs indices equal six and we can find one of the first 
integral of equation ()6.2|1 using the polynomial Pg^'* from the previous section 
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but we can also obtain this first integral if we multiply ()6.2|) on y.j. and 
integrating this equality. We have the first integral of equation ()6.2|) in the 
form 



h [y] = y-m - i^yl + i^y\ - ^ y\yl + -/^ - Ci = o (6.3) 

By analogy we can find the first integral of equation ()6.1|) 
15 15 

VxVxxx - - + ^y^ + ^y'x- ^y = Ki (6.4) 

Substituting the expansions in the Laurent series for the four branches of 
the solution into the first integral ()fi.3|l and letting x — we have equalities 

h[yi] = ^ - 12 as' - 84 ae - Ci = (6.5) 

/6[z/2] = C^i + 168 06 = (6.6) 

/g[y3] = -816 + 108 aa' + 168 as - Ci = (6.7) 

/6[i/4] = 2184a6-Ci = (6.8) 



We have again the confirmation of the theorem 2.1 for the first integral 
(Q of equation (lOl . 

To find another first integral we use the polynomial with members that 
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have the poles of the twelfth order 

P[2 = o-ovl + («iZ/2l/o + 02^1 + a^yiyl + a^y^) yl+ 

+ {aioyt + «iiZ/il/o + oi2Z/?l/o + ai-myo + «14l/o) ?/3 + ^0Z/2 + 

(6.9) 

+ {bivm + hyo) vl + ih^vl + 642/?2/o + ^5l/il/o + ^6l/o) ?/2 + 



+ (ci2/t + C2v\yl + C3y?2/o + C42/iyo + C52/0) 2/12/0 + C62/d^ 

where oq, ai4, &o, &11 and cq, c% are unknown coefficients that should 
be found. Substituting this polynomial into equation ()3.4p we have the first 
integral of equation ()6.2p in the form 



'3 \ 15 

2/3 + ( - 92/o2/i 1 yl + ^1(2/0, 2/1, 2/2) 2/3 - y 2/2 + 22/o 2/2+ 



+i^2(2/o,2/i)2/2^ + ^3(2/0,2/1)2/2 - f 2/? + §2/0^2/? + f 2/o^2/^- (^-lO) 
-^2/oS? + y2/o^ + 3C 2/1-^2/^^ = ^7. 

where 



^1(2/0, 2/1, 2/2) = y2/i - 3i/o^ t/a + 3 (1/1 - 2?/oi/i + i/q) ?/o 2/2- 



-H-\y¥{^^Hy\-^^yW. 



7-1 / \ S -11-4 IIT 2 2 fi 

i^2(2/o, 2/1) = y2/i + l%o 2/1 - —2/0 2/1 - y2/o. 
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F-sivo, yi) = 9yo vt - SOyI yl + ?,Qyl yl - IS^/qV + S^o' 



Taking into account the first integral (jfi.lOj) and polynomials 5 p!^^^ + 
(5^ p!^"* we have another first integral in the form 

ylxx + ( ~ ^y'^Vx] ylxx + ^4(2/, yx, yxx) yxxx - y i/L + 2?/^ i/L+ 



+F^{y, yx) yL + Feiy, yx) yxx -^yl + yz/^ yl + y yl- 



^1/6 - 75 y") yl + Ty y« - y ^ 2/' ) 



+FMyx-^^/'-\5V = K, 



where 



-352/,.,. - ^yl - \yVx + 30?/^2/' - (yy' - 95|/ ) yx 



„ / \ 25 .3,^-4 117 2 2 -^"^ fi e 

i^sli/, = yz/, + 15y i/x - — 1/ y^-^y - -6 y, 



Fe{y,y.) = 9yyt - 30y' yl + 3Qy' yl - 96yl+ 
+185y^y,-Wy, + 3y'-35y^ 



(6.11: 



F^{y) = 3y^^ -Q5y^ + 35"^ 

We emphasize that the second branch of solution of equation ()6.1|) has the 
Fuchs index equal seven but we do not have this value for the determination 
of the arbitrary constant Ci in the first integrals found. New first integral can 
be tolerated with this Fuchs index that can be found if we use the polynomial 
with members of greater pole order . 
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7 The first integrals of equations 

Equations (jl.lj) . p.2j) and have the polynomial form and we can observe 
that the Fuchs indices in the expansion of solutions in the Laurent series 
determine the first integrals of nonlinear differential equations. There is 
question about other equations with this property. Later we are going to 
study the problem of finding of the first integrals in the case when nonlinear 
differential equations have the non — polynomial form. With this aim let us 
find the first integrals of equation 



Ta) and 



. UxUxXX , '^^Vx UxX r) UxX - ^ U XX ^ Vx , ^ n ^ Ux 

— 4 1 —^5 3 5 — ^ ^ + 10 



y ?/2 2?/3 



(7.i: 



^2 

+i/?/2-2 — + /i = 

yi 



Equation ()7.1|) passes the Painleve test. Solution has the first order pole. 
We get five branches of solutions but two collections of the Fuchs indices that 
are (ji, is, 3a) = (-1, 1, 2, 4) and (ji, js, Ja) = (-3, -1, 4, 6). 

Consider the reduced equation 



. UxUxxx , 21 yx yxx „ Uxx ^ Vx „ r,\ 

Vxxxx - 4 \ — ^ 3 —r- = (7.2) 

y 2y^ y 2y^ 

Using values for the Fuchs indices we can find the form of the first inte- 
grals. We take the expression in the form P^^ /y^ to obtain the value that 
corresponds to the order four of the Fuchs indices. We found the first integral 
of equation ()7.2|) in the form 



UxUxxx 1 Uxx c\ Ux Uxx ^ Ux ^ In o\ 

U ^ U U 8 U 

Using additional polynomials {i' P^^^ + S P^^^ + ^iP^^ + 5'^Pl^^)/ut we 
obtain the first integral of the equation ()7.1|1 



UxUxxx ^ Vxx^ ^Vx^Uxx 9 I// hSux'^ 15'^ /i , „ 

u ^ y u o u ^ y ^ y y 
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Taking the value of the Fuchs indices equal six into account and using the 
expression with unknown coefficients in the form /Vq we have the ffist 
integral of the equation ()7.2|1 in the form 



Uxxx „ yxUxxUxxx , „ Vx Uxxx , „ Vx Uxx „ Ux Uxx , ^ Vx ^ /^T r\ 

— o — — 5 — ^ -J — A — — A — y — R — h - — ^ = C2 (7.5) 

y y y y y ^ y 

Using equation ()7.5|) and the additional polynomials P^^^ + ^ P^^^ + 
/i P!^^^ +5v pP + 52 + 5 /i pP + 6^P^^^)/y^ we get another ffist integral 
of equation ()7.1|) in the form 

y 2 y y y y ^y y '^y ^ y ^y 9 1/ ^ 
?/ y y y y 4 

o r / o y^Vxxx , yxx T n .ISl/ajA r)*^ , n ^ , r ^ ^ , 

2d \ 6 \ 10 = h TT -2 — + 2 — + b h 

y^ y* y^ ^ y^ J y^ y 



, o o ^ I n f^y^x f^yx £2 f A y^^ n y^ \ r\ 

+ 2iyy^^-3 + 2 — 6 (A— -11— ]=K2 (7.6) 



y y^ y \ y y 

Now let us find the first integrals of the equation 

yxxxyx 3 yxx , yxxyx r 2 ^ 2,^5 
yxxxx - 2 h 2 — 5y yxx - -yyx + 2/ - 

y 2y y^ 2 2 



(7.7) 



-I3y^ + ljy = 

Equation passes the Painleve test and has four branches of solution. These 
branches have two collections of the Fuchs indices that are (ji, j2 js, Ja) = (—1, 1, 
and (ji, j2 ja, j4) = (—2, —1, 5, 6). We can expect that the first integrals of 
the reduced equation 



yxxxyx 3 yxx „ yxxyx r 2 ^ 2,^5 n /'TC 

yxxxx - 2 h 2 5y yxx - -yyx + - y =0 (7.^ 

y 2y y^ 2 2 



can be obtained in the form of the expressions that correspond to the Fuchs 
indices equal five and six. Taking P^ /y^ into account we obtain the ffist 
integral of equation ()7.8p in the form 

yxyxxx 1 yxx yx yxx ^21-^5^ /^T n\ 
7^ 2 — T^yy^ +7^y =Ci 7.9 

y 2 y y^ 2 2 
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Using the first integral ()7.9j) and the additional polynomials (/? P5 + 
^P^^)/yQ we get the first integral of equation (j7.7|l in the form 

UxUxxx 1 Uxx Ux Uxx 5 2 , ^ b ^ o Z , /^T 1 

o i nyy^ +0^ -i;Py +fiy = Ki 7.10 

y 2 y y^ 2 2 3 

To find another first integral we take the expression /yQ into consid- 
eration. We obtain 



2 3 2 2 2 

- 2 % ''"'^ - ^yxxxVx - o ^ + r + 
^2 yi 3 y-i y"^ y 

(7.11) 

-I/....' + 5 y^y,, + 10 yV - y Z/' = 

Taking the first integral ()7.1H1 and polynomials (yU-Pg^'* + PP4^^)/yo i^^^^ 
account we get another first integral of equation ()7.7j] in the form 



y 2 y y y ■ ii/"^ y '^y y ■^y 



2 Q fAO~t~ 



XX 



y2 y3 3 y^ y^ y 

o 2 , r 3 iin22 6 , r^l^yxx . 2 C^-^^) 

-8yxxxyx-yxx +^yyxx + l^yyx -^y +2 - 

3 y 



-2Pyy.,, + 2PyJ + 2Py'' = K2 

We have obtained the first integrals for several nonlinear ordinary differ- 
ential equations. All these first integrals have members with the pole orders 
that are determined via the Fuchs indices. 



8 General solution of equation (11.1 1 ) 



Let us find the general solution of equation (jl.ip using the first integrals 
()4.9j) and ()4.11|) . At /5 = equation was studied before [16-18]. Here let us 
present the general solution in the case (3 0. Denote new variables 



M = y,,-3y^--S, 
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(8.1) 



N = yy..-\yl-?>y''~\li (8.2) 
then we can write the first integrals (j4.9j) and 1)4.111) in the form 

y,M,-(y^ + ]^5-(3y\ M - {(3 + 2y) N -]^M^ + ]^(3 5 y = (8.3) 



M^+pM^ -AMN + PSM = K2, (8.4) 
Let P{t) be the curve of the genus two in the form 

P(t) = + rriot^ + mi + m2t^ + m^t + rrii 

where mo, ...,m4 are unknown coefficients. 
Let us assume that y have the form 

y = -{u{x) + v{x) — (3), M{x) = -u{x) v{x) (8.5) 
where u{x) and v{x) satisfy the following equations 



iu-v)u, = ^/Piu), iu-v)v., = (8.6) 

Substituting ()8.5j) and ()8.(ij) into the first integrals ()8.Hj) and ()8.4j) we 
obtain P{t) in the form 



P(t) =t^ -3pt^ + (3/?2 + 25) f-4:fxt'^ + 2 {p^5 + AKi)t + AK2 (8.7) 
The system of equations ()8.(jj) can be written in the form 

loHx)) + Ioiv{x)) = Ks, h{u{x)) + h{v{x)) = X + (8.8) 
where 



00 00 

The general solution of equation p. 1)1 is expressed via the hyperelliptic 
functions taking equations ()8.7)) and ()8.8)1 into account. 
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9 Conclusion 



In this paper we considered the problem of finding of the first integral for 
nonlinear ordinary differential equations. We have observed that arbitrary 
constant of the first integral is determined by the arbitrary constants in the 
expansion of the general solution in the Laurent series. However the arbitrary 
constants for the general solution in the Laurent series have the pole order 
that correspond to the Fuchs indices. We have found the link between the 
pole order of the members in the first integrals and the Fuchs indices of the 
expansion in the Laurent series. This observation allowed us to present the 
algorithm to look for the first integrals of nonlinear differential equations 
that posses the Painleve property. Algorithm was applied to look for the 
first integrals of five nonlinear ordinary differential equations. 
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